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Finsler Gauge Transformations and General Relativity
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The theory of gauge transformations in Finsler space is applied to general
relativity. It is seen that the transformations produce new metrics which corres-
pond to the introduction of physical fields. The geodesic equation in the transfor-
med space is equivalent to the equation of motion in the original space where
the field is included by a force term. An example is given of a transformation
and resulting metric in which the electromagnetic potential is related to para-
meters of the gauge transformation rather than to gauge potentials. This implies
that the electromagnetic field corresponds to a connection instead of a curvature.
Another example is given which shows how Weyl or conformal transformations
are related to a class of the gauge transformations.

1. INTRODUCTION

In recent years a theory of gauge transformations in the context of
Finsler space has been developed by G. S. Asanov and collaborators
(Asanov, 1985, 1987, 1988, Aringazin and Asanov, 1988; Asanov et al,
1988; Asanov and Kiselev, 1988) and also by S. Tkeda (Ikeda, 1985, 1987,
1989). In this theory the Finsler tangent vectors are treated as independent
variables attached to points in space-time. The homogeneous transforma-
tions of the tangent space are called gauge transformations. Standard fiber
bundle or gauge theory methods can be applied to the Finsler theory to
produce, for example, identification of Finsler connections with generalized
gauge potentials.

The theory is significant because it offers an alternative to multi-
dimensional theories of the Kaluza-Klein type, yet is able to achieve the
same sorts of objectives, for example, a unified approach to Yang-Mills
fields and the space of general relativity. The theory is broad enough to
include practically all fields of current physical interest into its framework
{Asanov and Kiselev, 1988).
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The present paper proposes a specialized application of the Finsler
gauge theory to general relativity itself. The fiber bundle includes the general
relativistic base space with local coordinates x* and a fiber space II"'(x)
which has local coordinates y*, the Finsler tangent vectors. In the general
Asanov theory the metrics in both the base space and the tangent space are
considered. Here, attention is directed only to the base space metric, which
is, however, dependent on both x* and y*. The action on this metric of
tangent space transformations is the main focus of this work. It will be seen
that this approach gives a new point of view on the spaces of general
relativity and provides a framework for the direct incorporation of fields
(for example, the electromagnetic field) into the metric.

The procedure to be followed is to define a transformation and consider
its effect on the geometric objects in the space. In general, as is usual in
gauge theories, expressions will be sought for derivatives which are covariant
under the gauge transformations. This leads to the connections or gauge
potentials.

In Section 2 coordinate transformations in Finsler space are reviewed.
The approach of Miron and Anastasiei (1987) is applied. This gives a concise
derivation of the Cartan connection which reflects the horizontal and vertical
subspace decomposition of the Finsler tangent bundle. This is accomplished
by the introduction of a nonlinear connection which defines a covariant
basis for the space.

In Section 3 the development of the main ideas of this work is presented.
The gauge transformations now act only on the tangent vectors and not on
the base space coordinates. These transformations are able to generate new
metrics in the spaces of general relativity by a process which might be
thought of as “turning on” the gauge fields. A new nonsymmetric connection
appears which is directly related to the gauge transformations. A new
velocity is also defined which is related to the original velocity by a scale
change rather than a contravariant transformation.

In Section 4 an equivalence principle is used to define a special class
of gauge transformations in the tangent space where the original metrics
are locally Lorentzian. These transformations have particular significance
in that they describe how forces in an inertial frame can be represented by
a metric. The nonsymmetric connection of the metric can be expressed
directly in terms of the tangent space transformation matrices. The geodesic
equation in the transformed space with a connection related to the gauge
potentials can be the same as the equation of motion in the original inertial
space which includes the external force.

In Section 5 particular examples of transformations are chosen in order
to illustrate the theory. The first transformation example shows how the
gauge transformation parameters can be related to the electromagnetic
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potential. This means that the electromagnetic potential is interpreted as a
different sort of geometrical object than the gauge potential. Consequently,
the electromagnetic field is similar geometrically to a connection instead of
to a curvature as in previous theories. The equation of motion is then
identical with the Lorentz equation for charged particles. In other theories
the equation of geodesic deviation is compared with the Lorentz equation.
So a new unified approach to gravitation and electromagnetism is advanced.

The second transformation example has the form of a conformal
transformation. This compares with traditional Weyl theory except that the
crucial objection, of noninvariance of scalar products, is removed. So the
conformal transformation considered as a Finsler gauge transformation
offers a way to reinstate the Weyl theory without nonphysical effects.

In regard to notation, the reader will quickly observe that the presenta-
tion here uses the older tensor index formalism where all quantities are
written explicitly in terms of local coordinates. This is not as elegant as
modern geometrical notation, but has the dual advantages of operational
facility and of being accessible to a broader range of physicists.

2. TRANSFORMATIONS IN FINSLER SPACE

The standard references in the theory of Finsler space are the books
of Rund (1959) and Asanov (1985). Here, the general approach of Miron
and Anastasiei (1987) which emphasizes the fiber bundle aspects of Finsler
space is used. Chapter VII of Miron and Anastasiei (1987) contains a
rigorous geometrical definition of Finsler spaces. Since this monograph is
not widely accessible, the discussion will be repeated in some detail.

The Finsler metric function F is defined by F(x, y) = g,.(x, y)y"y".
The tensor g,,, is not in general the metric tensor, but simply a homogeneous
tensor of degree zero in y which is used for the purpose of defining F. The
Finsler metric tensor is f,,(x, y) =35°F>/ay* ay”.

The relation between f and g is

38ue o 98w o 1 8up .
fw=gﬂ,+ggy"—vy +~;‘;—; +3 ayfa;p yoyP

(2.1)

It is not hard to see that if g is independent of y, then f=g and the
space is Riemannian.

The function F is homogeneous of degree one with respect to y. By
the Euler theorem this means that (3F/dy“)y® = F. This implies

afaB agaB
2Caﬁ”‘y“=ay_}l- “=0=ay_”y“ (2.2)
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The quantity C,g, = %(6fa,3 /8y*) is known as the Cartan torsion tensor and
is obviously symmetric in all its indices.

It is natural to define the Finsler line element as ds = (f,, dx* dx*)"2.
Here dx is no longer a general increment in coordinate space, but is in a
direction tangent to the path defined by s. The direction is understood to
be timelike in the present work.

As indicated in the Introduction, the metric tensor here determines
distances in the coordinate space only. In the more general work of Asanov
(1987) and Asanov et al. (1988), metrics of both the coordinate space and
the tangent space are considered. The tangent space or “internal” metric
is not discussed here.

Since F is homogeneous and y* = dx*/ds,

ds = F(x, dx) = F(x, y) ds 2.3)
Variation of F produces the Euler-Lagrange equations,

d [aF(x, y)] _8F(xy)_,
ds | ay* x*

This, in turn, as shown in any treatise on Finsler space, leads to the Finsler
geodesic equation:

dy* 1 dF
B AR T L Y1 it YR
ds VY TFas?

The Finsler-Christoffel connection y(x, y) is

Lo (g i)

ax?  ax® 9x”
Since from (2.3) F(x, y) has the value of unity, the geodesic equation
in this case is

dy*
et yHayyP =0 24
PRV (2.4)

A change of section or coordinate transformation of the base space is
x™* =x""(x"). In local coordinates the transformation matrix is denoted by
XEr=9x""/ox".

Since dx'™ = X" dx”, the transformation of y is y'* = X¥*y”,

The natural basis (3/8x", 3/dy*) of the module of the vector fields
transforms as

d d 8X Z d d d

= v ra __ " =XV
ax'* “ox”  ax'®? ay” ay’'* * 3y

where X* X% =84,

v
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A new basis is needed which transforms covariantly. This is
(8/8x", a/ay*), with

The matrix N, is the local representation of what is called the nonlinear
connection:

RN
Y 29y”

(v4ey°y?)

The N, satisfy the transformation law

1 4

o o v «Q aXﬁ
Ny = X**XENY + X* pywr y'*

so the tangent basis transforms as required.
The dual basis is given by (dx*, 8y*) with 8y = dy* + N¥ dx”.
The geodesics of the Finsler space can be expressed as

Sy*  dy* dx*® dx*
—_ [ r_ .
8s ds Na ds 0, Y = ds (2.5)

The partial derivative of a general vector ¢”(x, y) would transform as

00" _ \un 30" OXI*
ax“ Yoax® ax®

v

This should be replaced by a derivative

v

! v 14 5q v o
q;zl:z‘:XfMng;B q.8 =3xﬁ+Faﬁq (26)

where F is a connection which transforms as

FIF'_X*II-XYXS v _XYXS aX:Sk’L
ap = A ar gl s ad B ox”

Of particular interest is the covariant derivative of the Finsler metric
tensor,

6 @ v v
8{;5 —fVBFOt[.L _f;vaBy. (2-7)

fﬂB;uz

where

up_ ap N g
B v
ox*  ax* ay
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It is usually assumed that the space is “metric,” that is, f,4,, =0, so
that permutation of the indices in (2.7) gives

n 6f4“-¥ S-fﬁll- 8faB)
"‘B_ f (c?»x‘B 5x*  Sx* (2.8)

This means that F is symmetric in the lower two indices. Also, it follows
immediately from (2.2) and (2.8) that

FZﬁyﬁ = 'YZﬁyﬁ - NﬁyBCZ”
The use of (2.2) again gives
FipyPy® =vyepy®y*
Also, when y is substituted for ¢ in (2.6), since y is independent of x,
one has

N =y’F’, (2.9)

It can now be seen that the two expressions of the geodesic equation
(2.4) and (2.5) are equivalent.
A vertical covariant derivative can also be defined:

aq"
M=t gt
q"| ays T4 Cle

It follows from the definition of C that

faB' fVBC fav ;ﬁzo

The triad (N3, Fog, C,’;ﬁ) is called the Cartan connection of the Finsler
space. The connection is naturally expressed in terms of horizontal and
vertical parts. The connections are obviously interrelated, however, as
expressed in the equations immediately above,

A number of different fields, torsions, and curvatures can be defined
from these connections. One of the references given at the beginning of this
section should be consulted for these developments.

Once the Cartan connection is determined for the fiber bundle, one
can then consider a section of the fiber for particular coordinates x*. When
this is set, y* may no longer be an independent variable, but can be
considered to be a vector field y*(x). Thus, y*(x) plays the role of an
auxiliary vector field. This defines an immersed submanifold in a sense
recently described by Miron and Kawaguchi (1991).

The Finsler metric f,,, (x, y) in this case gives rise to a tensor field which
is a Riemannian metric tensor a,,,(x) = f,.(x, y(x)). The space with metric
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a,. is called the osculating Riemann space related to the Finsler space
(Asanov, 1985, pp. 32-33 and 1101f.).
Since

ax*  ax* oy® ax°

the Christoffel connection for the Riemann space is

B w8y ay” ay”
=ybo+— Ch,+ CcE, —a"” C.s,
{aﬁ} Yo T oy T T 5P ax” *F

The geodesic equation for the osculating Riemann space is obviously

then
T
RCARY B0
ds af yy

This compares with (2.4).

3. TANGENT SPACE TRANSFORMATIONS

Attention is now directed to a class of gauge transformations which
act on the tangent space. These are local changes of coordinates in the fiber
itself. The nature of the transformation group is initially left unspecified.
Particular examples will be considered later.

The tangent vector y* transforms as

r=Yi*y" (3.1)

which is specialized here to Y3* =97"/ay".

Even though the transformation does not act on the base space coordin-
ates, it will be seen to produce changes in this space. Also, the transformation
itself is x-dependent, i.e., Y¥* = Y¥*(x, y).

A similar type of transformation has been studied by Ikeda [see, in
particular, Ikeda {1985), but also Ikeda (1987, 1989)]. Note, however, that
the unification scheme proposed by Ikeda is not applied here.

It is assumed here that the partial derivative operator transforms as a
covariant vector,

F) ]
—=Y 3.2
oyt May” (32)

YirYs =64 (3.3)
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In general, (3.2) and (3.3) would not hold together because the brackets
[8/07",8/87"] would not vanish. Here, however, the metric condition (3.7)
will be obtained, so that

*
BaY“

8y =Y?* ﬁ(Y*“y )=YEY 85+ YE ye = 8"

ay”
The second term vanishes due to the metric condition. More directly,
Y**=35*/3y” and (3.1) imply that (3 Y**/ay®)y* =0.
Also, due to the definition (3.1), the condition 8 Y**/3y® =Y %*/ay”
must hold. This, too, relates to the fact that the basis 9/4y* is holonomic.
It is assumed that the tensor used to form the Finsler metric function
transforms as

gu.v(x’ y) = Y::, Yggaﬁ(xs y) (3'4)
This implies that the Finsler metric function itself is scalar under the
transformation:
FY (%, 7) = g i7" = 8ap YL YO Y34 Y'Y = g,0y°y* = F(x, y)

The covariant vector associated with y is y,=3(3F°/8y"), which
transforms as

Vu=Y Ve (3.5)
Recall that the Finsler metric is defined as f,, =3(3°F*/ay* dy”). This
implies immediately that

fov =08y, /3y" _ (3.6)

and also, y, =f..y".
The partial derivative of (3.5) with respect to 7” produces

8yu _7 a_y,,_+aY;‘:
I—W I-baiv afu

a

The application of (3.2) and (3.6) gives

a

_ . Y
fuu= YqujfaB-*' YI: 5 ;

Ve
So the Finsler metric is not a tensor under (3.1) unless the condition
aY:
7 Ya=0 (3.7)
oy

holds. This is called the “metric condition” by Asanov (1985, p. 42).
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For a vector which is contravariant under the y transformation, §* =
Y#*q", a covariant derivative is

ag*
+ LA g7 .
axa C"’q (3 8)

D.g"=
which satisfies D,§* = Y¥*D,Q".
The new connection L must transform as
aY*#

a

3 5
'513 =Yg ws Y3k — Y;’;

ox (3.9

A significant difference between this and the x transformation is that
L%g is explicitly not symmetric in the lower two indices.

The connection L is similar to the connection K of Ikeda (1985). A
connection which would correspond to the L of Ikeda’s notation is not
applicable here because of the metric condition.

The derivative of the Finsler metric tensor which is covariant under
this transformation is

s

B8 B
ax - Lavf,uB - Lap.f.Bv

Daf;nf =

A condition D, f,, =0 is imposed. This limits the type of connection

L which will appear in the theory, but includes cases of physical significance.
A permutation of indices leads to

) (2o )

Yanr =3 ax”  Ix* ox“
= %(Lavy. + Lp,ua + Lvy,a + La;,w - Lp.au - Lvap.) (3'10)
It is evident that the geodesic equation can thus be written as

“ I
O b ytayy? =0= 24 Lty yP [ (Lo, = Lug)yy® (311)
ds ds

Recall, now, that the line element of a Finsler space is defined by
ds = F(x, dx) =[g,,(x, y) dx* dx”]'*>. Under the transformation (3.1), the
line element in the new space becomes d5 =[g,.(x, 7) dx* dx”]"/%

An osculating Riemann space exists for each of these two Finsler
spaces. The osculating line elements are equal to the corresponding Finsler
line elements. A quantity which describes the change of scale from one
osculating space to the other (which is induced by the gauge transformation)
is b =ds/ds. This factor b is called the scale function.
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In the osculating Riemann spaces a velocity y* can be defined which
undergoes a scale transformation rather than a contravariant transformation
like (3.1):

yH=——=ph—=hy* (3.12)

In general, 3* is distinct from 7*. However, as will be seen in the next
section, the two vectors can be equated under certain conditions.

A Finsler metric function can be formed using j*: F(x, y)=
[£..7*7”1%. Under the scale change,

F(x, 7)=[8,,5"7" 1> =18, dx" dx”"1"*/ d5
=[g,, dx* dx”]"?/ds =[g,.y"y" 1> =F(x, y)

So this F is also scalar, which is equivalent to VI =yt
Variation of F produces a geodesic equation

.}7 ® = 4+ 5 o ~B

pE YapyV =0 (3.13)

This is equivalent to equation (8) of Beil (1987).

It should be emphasized that the transformations described in this
section are of a fundamentally different type than the usual passive or active
coordinate transformations. Under the transformations (3.1), scalar prod-
ucts are preserved even though the measurement scale changes. The scale
change is reasonable, however, since it reflects the change from one metric
to another. A different metric implies different scales for measurement due
to the fact that measurements are done in frames with different velocities.
Essentially, all spaces which are related to each other by (3.4) are physically
equivalent. The tangent space transformations involve a velocity profile
associated with an observer. It will be possible, as will be shown below, to
relate a class of these transformations directly to acceleration.

In particular, it is of interest to investigate metrics which are equivalent
to locally flat space, that is, which are related by a Y transformation to the
Lorentz metric 7,,. This is the subject of the next section.

4. EQUIVALENCE, GAUGE TRANSFORMATIONS,
AND FIELDS

This section considers the special case where the original tensor used
to produce the Finsler metric function is locally Lorentzian at the pomts x
under consideration, i.e.,

v = My (4.1)
This is, of course, an ordinary Riemannian space.



Finsler Gauge Transformations 1035

Under tangent space transformations of the type discussed in Section
3, the g tensor becomes

gp.v(x9 .)7) = Yﬁ Y‘: naﬁ (4'2)

According to the traditional equivalence principle, for any Riemannian
metric there is a coordinate transformation which takes the metric to 7,,
at a point x. Actually, there is a broader theorem of Fermi, discussed in
Levi-Civita (1977, p. 167), which says that a transformation exists which
takes the metric to 7,, all along a given world line, not just at a single
point. So in the context of coordinate transformations in Riemann space
any metric can be transformed to a local inertial frame along a world line.

It is conjectured that a similar theorem exists for the tangent transforma-
tions of Finsler spaces. That is, for any g,, there exists the inverse of (4.2)
which results in the metric 7, in the neighborhood of a world line. This
type of generalized equivalence has been discussed by Mack (1981, p. 142).

Actually, the theorem is not necessary for the subsequent development
here. Instead, it is simply stated that the spaces of interest are those which
can be constructed from Lorentz metrics by (4.2). It turns out that spaces
of physical interest can be generated in this manner. Thus, any space
considered which is obtained through (4.2) where the inverse of Y exists
satisfies a Fermi-like theorem for tangent space transformations. The trans-
formation to an inertial frame is just the inverse of (4.2).

It should be noted that the world line in the inertial space is not
necessarily a geodesic. Thus, a test particle in the Lorentz space with this
world line may be following a curved (nongeodesic) path. Ordinarily it is
said in this instance that the particle is under the influence of some external
force.

The alternative point of view advocated here is that when a particle
initially assumed to be in a2 Lorentz frame is observed to be moving on a
curved path, the behavior does not necessarily have to be explained by an
external force term added to the equation of motion. The alternative explana-
tion is that the motion can equally well be accounted for by a new metric
which would result from a gauge transformation like (4.2). Thus, the general
relativistic idea of space-time curvature determining the path of a test
particle is broadened to include fields other than gravitation, for example,
the electromagnetic field.

A geodesic equation in a new metric provides an equation of motion
which can be identical with the equation of motion using external force in
the Lorentz space. This will be demonstrated presently.

This treatment has the conceptual advantage that the external fields
are not added ad hoc to the Lagrangian but are included directly in the
metric. The Finsler metric function F itself plays the role of the Lagrangian.
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The conditions under which this can occur have been given by Yasuda
(1981). Also, extended Lagrangian theories are possible (for example, Miron
and Radivoiovici-Tatoiu, 1989) which are generalizations of Finsler theory.
Various consequences of the assumption (4.1) are now investigated.
The first is obtained from an examination of (2.1) in the form
agu-a —a agav —a 1 a gaB —a=f

-V=—V +—
Ju=8ut _,y ay.,Ly 2 95* a.,yy

The second term, considering (4.2), is
&

a -

e o o Y}
e 55 Y Rk
ay " 35"

6}711 y =T’5'YYZ~

But the metric condition (3.7) can be written as (9 Y*/3y?)y* =0, which
is equivalent to (3Y*/a7%)7% =0. '

These results imply that (3g,,./97”)7% =0 and that f,, =g,,.

Transformations where Y is a function of x only and not a function
of y obviously satisfy the metric condition. These are sometimes called the
K-group or linear transformations. When (4.1) is assumed, these transforma-
tions imply Riemannian spaces. The case is still of interest, however, since
the theory then describes how these gauge transformations lead from one
general relativistic space to another.

For the Lorentz metric 7, the connection L is zero and in the transfor-
med space (3.9) becomes

~a

. aY*“
he=—Ypg
B axa

For spaces satisfying the metric condition the Christoffel connection is

1 aY? aY} Y2 aY? 3Y? Y}
Ve Y’+Y’5 L yr+ Y —2-—2 Y)Y} ‘*)
Yrep = 2"57( ax™ axP axP ax” P ax”
(4.3)
since f,, = Y2 Y7, _
It is apparent that Y**f = Y37,,.
Also, from (3.3), (8Yp/ax*)Y¥=-Yz(aY¥"/ax®).
These results are combined to show that
aY} -  dY}
uaﬁ chfy.V q >l-::l-l'.fu.u axf Yvn'ys (4'4)

which implies, using (4.3), that
‘7vaB = %( EBav + l—’mxﬂ + L—Vﬁa + L_azBV - L-Bva - I:auB) (4'5)
This checks with (3.10).
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Another useful result is

M _ 7 L F o s
E_xiaszau—‘LLuavz‘)’Vau_’—Yuau

This is the same as D, f,, =0
The geodesic equation, considering (3.11), is

dy* dy
dy.. + 7(1/3.}71 P = 0 __dyT+ LH’ ye _B +f“ (LBcw LBva) e —B (4-6)
Now, for the present case (3.8) becomes

3‘1

D.q*=

an
When this is contracted with #* and then §* is replaced by 7,
D.j*5" =dd—+ Lt 7%

This can be substituted in (4.6) to produce a version of the geodesic
equation,

D, 77 + F**(Lgay— Lgya ) 7°7° =0 (4.7)

Another form of the geodesic equation can be obtained by a particular
assumption concerning the two vectors y* and y*. This is simply that, since
both vectors represent a velocity in the transformed Riemannian space, they
can be equal. That is,

= Yiky" = byt =y* (4.8)

This has the form of an eigenvalue equation for the transformation
matrix. It limits Y% to certain types, but, as will be seen, these types are of
physical interest.

Note that (4.8) can be introduced only in the context of the osculating
Riemann spaces. It would not generally be consistent with the homogeneity
requirements of the Finsler spaces where y* is an independent variable.

The effect of (4.8) is expressed compactly by returning to (4.6):

d a
dl-*- Laﬁy yB +f“V(LBaV LBVa )y yﬁ O
_” “ (4.9)
o_4f 1db,
ds ds b ds

The quantities L and f can be expressed directly in terms of the
transformation matrices as given above. So (4.9) is an equation of motion
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for a particle in the inertial space which is written in terms of a tangent
space transformation. The L terms represent a force on the particle which
is imposed by the new metric f,,,.

At this juncture a number of mathematical results could be listed related
to the nonlinear connection N and the vertical connection C; as well as
several curvatures. These developments are postponed to future work.

5. GAUGE TRANSFORMATION EXAMPLES

In this section particular examples of gauge transformations of the
type (4.2) are presented. These will illustrate how the above theory might
be applied. The first two examples are linear or K-group transformations
where Y is dependent on x only.

The first one is

Y;=8s—B[1-(1+kB*"?*]B*B, (5.1)

The vector B = B*(x) is defined in the original space with metric 5,5 so
that B*>=7,,B*B? = B,B".
When (5.1) is used in (4.2), we obtain

84 =My +kB,B,
F?(x, 7) = (0, + kB,B,)7"5"

This general class of Finsler metrics for B* = B*(x, y) is described in
Beil (1989). There the geodesic equation for one of these metrics is shown
to imply the Lorentz equation for a charged particle in an electromagnetic
field.

For the case B* = B*(x) the transformation is linear and the resulting
space is Riemannian. This space is discussed in Beil (1987). The metric
function can be formed as in Section 3 using the velocity vector y*. The
Finsler metric is just f,, =7,,+kB,B, with a contravariant form f*"=
n** —k(1+kB*)'B*B"”.

A derivation is given in Beil (1987) which shows that the geodesic
equation is identical with the Lorentz charged particle equation under the
conditions

B.v*=e/mck (5.2)
B,=A,+oA/ox* (5.3)

The vector A, is the electromagnetic potential of the field external to the
particle and v* = dx*/dr = cy* is the particle velocity.
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An alternate derivation using the ideas of the present work can be
obtained by starting with (4.8). For the transformation (5.1) the condition
(4.8) becomes

{85~ B [1~-(1+kB*)"/?1B“B,}v” = [1+ ke *(B,0")’] "/ *v*

with v,v* = ¢*. The eigenvalue condition is satisfied if B, =Buv,, where §
is some constant. This implies B,v® = Bc* and B,B* = B8°c>.

The conditions (5.3) and B, = Buv, imply that for any external potential
A, there is an electromagnetic gauge transformation which results in a
potential vector B, which is parallel to the velocity vector of the particle.

The condition that B, be parallel to v, is a boundary condition which
is valid only in the context of the Riemann space osculating to the Finsler
space. It does not imply that B, is velocity dependent and is introduced
only after the computation of the Finsler metric and the variational process
which produces the geodesic equation.

There is a remarkable correspondence here with the electron theory of
Dirac (1952). Dirac proposed a gauge condition on the potential A, which
would set it to be proportional to v, plus another term which he related to
the vorticity of an electron stream.

Actually, the idea of the potential being equal to a velocity term plus
a second gaugelike term is in line with standard electromagnetic theory.
The equation

(5.4)

is the usual relation between the potential and the action S.
There have been recent geometric discussions of the relation of the
electromagnetic potential to velocity by Parrott (1987) and Schweizer (1990).
The geodesic equation in the inertial space is computed for (5.1) starting
with

- 3B 6B 3B
L,..=B 1~(1+kB»)'? (——“BV—B ”>+k—“BV
va [ ( ) ] axa Fvaxa axa

f*=n*~k(1+kB*)'B*B”

When these expressions are substituted into (4.9) the result is

dr “ax®  \ax* ox”
If B* = Bv* as above, then
3B

e o p_ o8 0
—v* P =p— "=
axP dr

do* 5B, [3B, 3B,
~£—+k[n‘”—k(l+kB2)"B”B”][B +(" _9 )Bg]v“vﬁ=0



1040 Beil

Also, the term involving B” vanishes since a symmetric part v"v% is
multiplied by the part which is antisymmetric in the same indices. This
produces

dv* 3B, 4B
B g (2B 2B o
dr Ben ax® ox” v

The use of (5.2) and (5.3) then gives the Lorentz equation:

dv* e
—+—*"F,0v" =0
dr mc K v
The transformation (5.1) can also be modified slightly to produce a
negative sign in the metric, g,, =,, —kB,B,.
The equation of motion is

dv* 3B, 6B
——kB,o"p* | ———= v = 5.
dr B, (ax"‘ ax”) v =0 (5:5)
This allows the use of conditions a bit different from (5.2) and (5.3):
. / e ¢3S
Bav ___c/kl 2 B’L—kl/zczm (A'u,_e ax“ (5.6)

These conditions lead directly to the Lorentz equation. This is a “‘natural”
choice of the electromagnetic gauge in a sense which is discussed in Beil
(1991).

Equations (5.6) imply that the g tensor could be written as g,, =
N — c'zv”v,,. This type of metric goes back to discussions by Synge (1971)
and has recently been studied by Kawaguchi and Miron (1989) in the
context of generalized Lagrange spaces. The spaces produced by this metric
are of a class which is broader than traditional Finsler spaces.

There is also a correspondence between the theory of metrics produced
by (5.1) and Kaluza-Klein theory. A comparison between this type of metric
and Kaluza theory is given in Beil (1987). Basically, in this theory the
electromagnetic field corresponds to a connection instead of a curvature as
in Kaluza theories.

The second example of a K-type gauge transformation is

Y2 =A(x)82 (5.7)

which leads to g,,=A’7,,. This class of spaces is discussed by Tavakol
and Van den Bergh (1986) and also in Nishioka (1984). These look like the
familiar Weyl spaces (for example, Adler et al., 1975, p. 491). There is also
a correspondence with the theory of conformal transformations (Fulton et
al., 1962).
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There is a significant difference, however, between the present theory
and the Weyl theory as it is usually developed. Here, the metric tensor
transformation is f,, = A%7,, and a general contravariant vector transforms
as

gt=Yi"q"=1"T'80q"=1""q"

The length of this vector is f,,3“§" =7,.,9"q". So the lengths of vectors
are unchanged under these gauge transformations.

In the Weyl theory the transformation is applied only to the metric
tensor, so that the vector length is changed by the scale factor A% This,
historically, was a major objection to the Weyl theory (Adler et al., 1975).

Since the lengths of vectors are invariant here, one has a Weyl-type
theory without the above drawback. This point is brought out in Nishioka
(1984).

The line element ds is still subject to a scale change since it is the
length of the increment dx*. Thus, d3§ = A ds. This corresponds to the fact
that a field is “turned on” by the gauge transformation or, alternatively,
that a reference frame with a different velocity is used. This is in contrast
to the conformal or Weyl theories, where the transformation is a coordinate
transformation and the scale change is induced by the coordinate change
coupled with the transport of a vector from one point to another. Though
some of the equations are similar, there is a fundamental difference between
the two theories. See Fulton et al. (1962) for a thorough discussion of
conformal theories.

For transformations of the type (5.7) the velocity vector transforms
contravariantly as well as by the scale change:

=Yoo =11

Because A = b7, the eigenvalue equation (4.8) holds automatically.
The connections are easily obtained:

_ A
LVa =A v
2 P N8
s gt -2 )
7141[3 axa 771/[3 axp Nav axp naB

The geodesic equation is derived from (4.9):

ot T, 10
dr Adr K A 9x”

Now, a possible choice for A is

A(x)=1+2¢,x" + g*x?
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where g is a constant vector. This form is suggested by the traditional
expression for the conformal transformation. One has, then,

1 9A

A ox”

2 a
=~ (gt q'x)= =
A(q q°x,) e

which defines a vector a, with a’=4c’g*/A.
The geodesic equation in terms of a, would be

dv“+ v,a”

v PP
ar T vTan=0

But if v,a® =0, then a* = dv"*/dr.

So the result is that this type of gauge transformation leads to an
expression for a transformation to a frame with an acceleration a*.

Finally, a general class of transformations which are not of the K type,
that is, where Y* is dependent on y*, is mentioned. These satisfy the
requirements of homogeneity as well as the condition 3 Y**/ay* =9 Y%*/ay”
and the metric condition.

The transformations are

Y= gi(x)8% +g,(r)A*A, + g;(r)(A*B, + A,B*) + g,(r) B“B,

The vectors A* and B* depend only on x. The y dependence enters in the
variable r=(A,y*)/(Bgsy”®), which is clearly of zero homogeneity in y*.
The general functions of r, g,, g5, and g, are required to satisfy the conditions

g3=-rgy,  gi=-T1g;

where the prime denotes a derivative with respect to the argument.

These transformations appear to lead to Finsler metrics which have
not previously been investigated.

A number of other gauge transformation types in addition to the ones
given above are possible. The theory provides a systematic method for
generating metrics by choosing various forms of Y. There may be several
applications in various physical contexts.

6. DISCUSSION

Two principal results should be emphasized:

First, it has been demonstrated how a unified theory of gravitation and
electromagnetism is implied by a gauge transformation in Finsler tangent
space. The electromagnetic potential is directly related to the parameters
of the transformation. The transformation produces a new metric which
has an equation of motion that is the Lorentz equation of charged particles.
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This means that there is a generalized equivalence (through the gauge
transformations) of inertial spaces to spaces which contain electromagnetic
fields. The electromagnetic fields arise from connections of the transformed
metric rather than from curvatures, as in other unified theories.

Second, it has been shown how the old Weyl or conformal theories
can be rehabilitated to overcome the objection of noninvariance of the
lengths of vectors. One has all the beauty of the original Weyl theory with-
out nonphysical effects. A particular example was given in which the
acceleration of a frame is directly related to a gauge transformation.
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